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ABSTRACT
Explicit isomorphism is established between quasitriangular Hopf algebras studied
recently by O.Ogievetsky and by the present author.
In my recent papers [1, 2] a regular method has been proposed for constructing
quasitriangular Hopf algebras (actually, quantum doubles) out of invertible matrix
solutions R of the quantum Yang-Baxter equation
R12R13R23 = R23R13R12 . (1)
As an illustration, the R-matrix of Jordanian type [3, 4]


1 1 −1 1
0 1 0 1
0 0 1 −1
0 0 0 1

 (2)
has been shown [2, 5] to produce, among others, a quasitriangular Hopf algebra with
generators {v, h} obeying the relations
[v, h] = 2 sinh h ,
∆(v) = eh ⊗ v + v ⊗ e−h , ∆(h) = h⊗ 1 + 1⊗ h , (3)
S±1(h) = −h , S±1(v) = −v ∓ 2 sinh h .
Its universal R-matrix is found [5] to be
R = exp
{
h⊗ 1 + 1⊗ h
sinh(h⊗ 1 + 1⊗ h)
(sinh h⊗ v − v ⊗ sinh h)
}
. (4)
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After submitting the paper [5] I have learned from O.Ogievetsky that in paper [6],
using quite different approach (which allows classification of all Hopf structures on the
Lie algebra [x, h] = 2h), he obtained a quasitriangular Hopf algebra {τ, σ} defined by
[τ, σ] = 2(1− eσ) ,
∆(τ) = τ ⊗ eσ + 1⊗ τ , ∆(σ) = σ ⊗ 1 + 1⊗ σ , (5)
S(τ) = −τe−σ, S−1(τ) = −τe−σ + 2(1− e−σ), S±1(σ) = −σ,
with universal R-matrix
R = exp(
σ
2
⊗ τ) exp(−τ ⊗
σ
2
) . (6)
Since the Hopf algebra (3), due to a reparametrization
v =
sinh h
h
x =⇒ [x, h] = 2h , (7)
evidently belongs to the class considered by Ogievetsky, it is only natural to look for
an isomorphism between the Hopf algebras (3) and (5).
Such an isomorphism really exists and can be fixed by
τ = −e−hv , σ = −2h . (8)
Relations (5) are readily obtained from (3) and (8). As a by-product, we come to an
alternative form of the R-matrix (4):
R = exp(h⊗ e−hv) exp(−e−hv ⊗ h) . (9)
In [2, 5] (see also [7]), the following quasitriangular Hopf algebra {b, g, v, h} (the
quantum double of {v, h}) was also considered:
[g, b] = [h, b] = 2 sinh g , [g, v] = [h, v] = −2 sinh h ,
[b, v] = 2(cosh g)v + 2(cosh h)b , [g, h] = 0 ,
∆(b) = eg ⊗ b+ b⊗ e−g , ∆(v) = eh ⊗ v + v ⊗ e−h , (10)
∆(g) = g ⊗ 1 + 1⊗ g , ∆(h) = h⊗ 1 + 1⊗ h , S±1(g) = −g ,
S±1(h) = −h , S±1(b) = −b± 2 sinh g , S±1(v) = −v ∓ 2 sinh h .
The (anti)duality relations between {b, g} and {v, h} are:
< 1, b >=< 1, g >=< v, 1 >=< h, 1 >= 0 ,
< 1, 1 >=< h, b >=< v, g >= 1 , (11)
< v, b >= −1 , < h, g >= 0 .
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Universal R-matrix looks like [5]
R = exp
{
g ⊗ 1 + 1⊗ h
sinh(g ⊗ 1 + 1⊗ h)
(sinh g ⊗ v + b⊗ sinh h)
}
. (12)
In terms of {τ, σ} and their antiduals {µ, ν} the same quantum double is characterized
by the relations
[τ, σ] = [τ, ν] = 2(1− eσ) , [µ, σ] = [µ, ν] = 2(1− eν) ,
[τ, µ] = 2(µ− τ) , [σ, ν] = 0 ,
∆(τ) = τ ⊗ eσ + 1⊗ τ , ∆(σ) = σ ⊗ 1 + 1⊗ σ ,
∆(µ) = µ⊗ eν + 1⊗ µ , ∆(ν) = ν ⊗ 1 + 1⊗ ν , (13)
S(τ) = −τe−σ , S−1(τ) = −τe−σ + 2(1− e−σ) ,
S(µ) = −µe−ν , S−1(µ) = −µe−ν + 2(1− e−ν) ,
S±1(σ) = −σ , S±1(ν) = −ν
with antiduality conditions
< 1, µ >=< 1, ν >=< τ, 1 >=< σ, 1 >= 0 ,
< 1, 1 >= 1 , < τ, ν >= 2 , < σ, µ >= −2 , (14)
< τ, µ >=< σ, ν >= 0
and universal R-matrix [6]
R = exp(
ν
2
⊗ τ) exp(−µ⊗
σ
2
) . (15)
Apparent similarity of (15) and (6), as well as (12) and (4), is due to ’selfduality’ [5, 6]
of both {τ, σ}- and {v, h}-algebras.
Hopf algebras (10) and (13) are isomorphic by
µ = e−gb , ν = −2g , τ = −e−hv , σ = −2h . (16)
In particular, this produces an alternative representation for R (12):
R = exp(g ⊗ e−hv) exp(e−gb⊗ h) . (17)
Surprisingly, it appears problematic to derive (12) directly from (17) by the mere use
of Baker-Campbell-Hausdorff formula.
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